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a b s t r a c t
Let X be a Banach space with the closed unit ball B(X). In this paper, by directly
extrapolating from the definitions of Uniformly Kadec–Klee (UKK), Nearly Uniformly
Convex (NUC) andWeak* Uniformly Kadec–Klee (w*UKK) spaces, we consider the concepts
of the modulus of UKK and the modulus of NUC on X , and the modulus of UKK* on the dual
space X∗ of X . Some new properties of Banach spaces related to reflexivity and normal
structure with the values of thesemoduli are obtained. Among these new results, we prove
that if B(X∗) is weak* sequentially compact and UKK∗(( 1
µ(X∗) )
−) > 1− 1
µ(X∗) for X
∗, then
X has weak normal structure, where µ(X) is the separation measure of B(X).
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Let X be a normed linear space, and let B(X) = {x ∈ X : ∥x∥ ≤ 1}, S(X) = {x ∈ X : ∥x∥ = 1}, and Bγ (0) =
{x ∈ X : ∥x∥ < γ } be the unit ball, the unit sphere, and open ball with radius γ of X respectively. Let X∗ be the dual space
of X .
Brodskiı˘ and Mil’man introduced the concept of normal structure in 1948 [1].
For a reflexive Banach space, the normal structure and weak normal structure coincide.
In 1965, Kirk [2] proved that if a Banach space X has weak normal structure, then it has weak fixed point property, that
is, every nonexpansive mapping from a weakly compact and convex subset of X into itself has a fixed point.
For a sequence {xn} ⊆ B(X), let co(xn), co(xn), and cow(xn) be the convex hull, the closed convex hull, and the weak
closed convex hull of the sequence {xn}, respectively. Moreover, let sep(xn) ≡ inf{∥xn − xm∥ : n ≠ m}. We also write w→
and
w∗→ for the weak and the weak∗ convergence respectively, and write f (a−) for limε→a− f (ε) for a function f (ε).
Huff [3] introduced two concepts of Uniformly Kadec–Klee (UKK) spaces and Nearly Uniformly Convex (NUC) spaces on
X in 1980.
Definition 1.1 ([3]). A Banach space X is called a UKK space (Uniform Kadec–Klee space) if for any ε > 0 there exists
0 < δ < 1 such that for any sequence {xn} ⊆ B(X)with xn w→ x and sep(xn) ≥ ε, it follows that x ∈ Bδ(0).
Definition 1.2 ([3]). A Banach space X is called an NUC space (Nearly Uniform Convex space) if for any ε > 0 there exists
0 < δ < 1 such that for any sequence {xn} ⊆ B(X)with sep(xn) ≥ ε, it follows that co(xn) Bδ(0) ≠ ∅.
∗ Corresponding author. Tel.: +1 215 751 8688; fax: +1 215 751 8935.
E-mail addresses: saejung@kku.ac.edu (S. Saejung), jgao@ccp.edu (J. Gao).
0893-9659/$ – see front matter© 2012 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2012.01.013
S. Saejung, J. Gao / Applied Mathematics Letters 25 (2012) 1548–1553 1549
He proved the relationship between UKK spaces and NUC spaces, and the relationship between NUC spaces and normal
structure:
Theorem 1.3 ([3]). Let X be a Banach space. Then X is an NUC space if and only if X is a UKK space and reflexive.
Theorem 1.4 ([4,3]). Every NUC space has normal structure.
Dowling et al. [5] introduced the concept of UKK∗ spaces in 2008.
Definition 1.5 ([5]). Let X be a Banach space. The dual space X∗ of X is called a UKK∗ space (Uniform Kadec–Klee∗ space) if
for any ε > 0 there exists 0 < δ < 1 such that for any sequence {fn} ⊆ B(X∗) with fn w
∗→ f and sep( fn) ≥ ε, it follows that
f ∈ Bδ(0) for X∗.
The following result was proved:
Theorem 1.6 ([5]). Let X be a Banach space such that B(X∗) is weak∗ sequentially compact. If X∗ is a UKK∗ space, then X has
weak fixed point property.
Some measures of noncompactness on a Banach space X have been introduced to study the geometrical properties of
Banach spaces, see [6–12].
Definition 1.7 ([6]). Let A be a bounded set of a metric space. The α-measure, χ-measure, and β-measure of
noncompactness of A are defined by
α(A) = inf{ε > 0 : A can be covered by finitely many sets with diameter ≤ ε};
χ(A) = inf{ε > 0 : A can be covered by finitely many balls with radii ≤ ε};
β(A) = sup{ε > 0 : A contains an infinite ε − separation, that is, there is an infinite subset C of A
such that d(x, y) ≥ ε for all x, y ∈ C with x ≠ y},
respectively.
It is known that if A is a bounded subset of a Banach space, then
χ(A) ≤ β(A) ≤ α(A) ≤ 2χ(A).
Definition 1.8. Let X be a Banach space. The α-modulus [6,10], χ-modulus [6,7], and β-modulus [6,9] of noncompact
convexity of X are defined by
∆α(ε) = inf{1− inf
x∈A ∥x∥ : A is a convex subset of B(X) and α(A) > ε};
∆χ (ε) = inf{1− inf
x∈A ∥x∥ : A is a convex subset of B(X) and χ(A) > ε};
∆β(ε) = inf{1− inf
x∈A ∥x∥ : A is a convex subset of B(X) and β(A) > ε},
respectively.
The following result was proved:
Theorem 1.9 ([6, Theorem V.1.7]). Let X be a Banach space. If ∆χ (1) > 0, then X is reflexive.
The function PX (ε) below was defined by Partington: (it was also considered in [12] but denoted by (ε))
Definition 1.10 ([6,13]).
PX (ε) = inf{1− ∥x∥ : xn w→ x, {xn} ⊆ B(X) and sep(xn) > ε}.
The following result was proved:
Theorem 1.11 ([6, Theorem V.1.10, Remark V.1.12]). For a reflexive Banach space X,∆β(·) = PX (·) = (·).
2. Main results
Lemma 2.1 ([14]). Let X be a Banach space. Suppose that X does not have weak normal structure. Then there exists a weak null
sequence {yn} ⊆ X such that for every k ∈ N,
1− 1
k
<
 l
j=0
λjyk+j − yk+l+1
 < 1+ 1k
holds for all l ∈ N and all λ1, . . . , λl ≥ 0 withlj=1 λj = 1.
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Then, it is easy to get the following result:
Lemma 2.2. Let X be a Banach space without weak normal structure. Then for any 0 < ϵ < 1, there exists a sequence
{xn} ⊆ S(X) with xn w→ 0, and
1− ϵ < ∥xn+1 − x∥ < 1+ ϵ
for sufficiently large n, and any x ∈ co{xk}nk=1.
Theorem 2.3 ([15]). Let X be an infinite dimensional normed space andµ(X) = β(B(X)). Then 1 ≤ µ(X) ≤ 2, andµ(lp) = 2 1p
where 1 ≤ p <∞.
By directly extrapolating from the definitions of UKK and NUC spaces, we first consider the concepts of modulus of UKK
and modulus of NUC on X as follows:
Definition 2.4. Let X be a Banach space. For 0 < ε ≤ µ(X), let
UKK(ε) = 1− δ,
where δ is the smallest number in (0, 1] such that x ∈ Bδ(0) whenever {xn} ⊆ B(X) satisfies xn w→ x and sep(xn) ≥ ε. For
µ(X) < ε ≤ 2, let UKK(ε) = 1. Then the function UKK(ε) is called the UKK modulus of X .
Remark 2.5. It follows directly from the definitions that
UKK(ε) = PX (ε) = (ε)
for 0 ≤ ε ≤ µ(X).
Definition 2.6. Let X be a Banach space. For 0 < ε ≤ µ(X), let
NUC(ε) = 1− δ,
where δ is the smallest number in (0, 1] such that co(xn) Bδ(0) ≠ ∅ whenever {xn} ⊆ B(X) satisfies sep(xn) ≥ ε. For
µ(X) < ε ≤ 2, let NUC(ε) = 1. Then the function NUC(ε) is called the NUC modulus of X .
We then consider the following concept for the dual space X∗:
Definition 2.7. Let X∗ be a dual of a Banach space X . For 0 < ε ≤ µ(X∗), let
UKK∗(ε) = 1− δ,
where δ is the smallest number in (0, 1] such that f ∈ Bδ(0) whenever {fn} ⊆ B(X∗) satisfies fn w
∗→ f and sep( fn) ≥ ε. For
µ(X∗) < ε ≤ 2, let UKK∗(ε) = 1. Then the function UKK∗(ε) is called the UKK∗ modulus of X∗.
Example 2.8. (1) NUC(2) = 0 for l1 space. Let ei = (0, . . . , 0, 1, 0, . . .), where the ith element is 1, be the standard basis of
l1. Then sep(ei) = 2, and co(ei) ⊆ S(l1). So µ(l1) = 2 and NUC(2) = 0.
(2) NUC(ε) = 1−

1− ε24 for Hilbert spaces.
We immediately obtain the following easy results.
Proposition 2.9. Let X be a Banach space.
(1) All UKKmodulus, NUCmodulus of X, and UKK∗ modulus of X∗ are nondecreasing functions.
(2) X is a UKK space if and only if UKK(ε) > 0 for all ε > 0.
(3) X is an NUC space if and only if NUC(ε) > 0 for all ε > 0.
(4) X∗ is a UKK∗ space if and only if UKK∗(ε) > 0 for all ε > 0.
The following ingenious result was proved by James.
Theorem 2.10 ([16]). Let X be a Banach space. Then X is not reflexive if and only if for any 0 < ε < 1, there are a sequence
{xn} ⊆ S(X) and a sequence {fn} ⊆ S(X∗) such that
(a) ⟨xm, fn⟩ = ε whenever n ≤ m; and
(b) ⟨xm, fn⟩ = 0 whenever n > m.
Using the preceding result, we obtain the following result.
Theorem 2.11. If X is a Banach space with NUC(1−) > 0, then it is reflexive.
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Proof. By the assumption, we can find an ε ∈ (0, 1) such that NUC(ε) > 1 − ε. Suppose that X is not reflexive.
By Theorem 2.10, there are two sequences {xn} ⊆ S(X) and {fn} ⊆ S(X∗) satisfying the two conditions there. Then
∥xn − xm∥ ≥ ⟨xn − xm, fn⟩ = ε for n > m and hence sep(xn) = inf{∥xn − xm∥ : n > m} ≥ ε.
Let α1, α2, . . . , αk ≥ 0 be such that ki=1 αi = 1. Suppose that k0 is the first number such that αk0 > 0. Then
∥ki=1 αixi∥ ≥ ⟨ki=1 αixi, fk0⟩ = ε and this implies that co(xn) Bε(0) = ∅. So NUC(ε) < 1− ε, a contradiction. 
The following theorem shows the relation between the moduli UKK(ε) and NUC(ε):
Theorem 2.12. Let X be a Banach space. Then
1. NUC(ε) ≤ UKK(ε) for any 0 < ε < 1;
2. NUC(ε) = UKK(ε) for any 0 < ε < 1 if X is reflexive;
3. For any 0 < ε < 1, NUC(ε) = α > 0 if and only if UKK(ε) = α > 0 and X is reflexive.
Proof. (1) Put α ≡ NUC(ε). Let η > 0 and {xn} ⊆ S(X) be such that sep(xn) ≥ ε and xn w→ x. If {xnk} is a subsequence of
{xn}, then sep(xnk) ≥ ε and xnk w→ x. We can find sequences {pn} and {qn} of positive integers, a sequence {αn} in [0, 1] such
that the following conditions are satisfied:
• 1 < p1 < q1 < p2 < q2 < · · · < pj < qj < · · · for all j;
• qji=pj αi = 1 for all i and j;
• qji=pj αixi ∈ B1−α+η(0) for all j.
It is easy to see that
qj
i=pj αixi
w→ x as j →∞. Hence x ∈ B1−α+η(0) for any η > 0 and we have UKK(ε) ≥ α.
(2) Put β ≡ UKK(ε). Suppose that a sequence {xn} ⊆ S(X) satisfies sep(xn) ≥ ε. By the reflexivity and passing to
an appropriate subsequence but still denoted by {xn}, we may assume that xn w→ x ∈ cow(xn) = co(xn). It follows that
x ∈ co(xn) B1−β+η(0) for any η > 0. Since η can be arbitrarily small, we have NUC(ε) ≥ β .
(3) This is a direct result of (2) and Theorem 2.11. 
The following is the similar relationship between UKK spaces and NUC spaces:
Corollary 2.13 ([3]). Let X be a Banach space. Then X is an NUC space if and only if X is a UKK space and reflexive.
Proof. This is a direct result of Theorem 2.12. 
The following result is closely related to the one in [17].
Theorem 2.14. Let X be a Banach space. If UKK(1−) > 0, then X has weak normal structure.
Proof. By the assumption, there is η ∈ (0, 1) such that UKK( 1−η1+η ) > η1+η . Suppose that X does not have weak normal
structure. By Lemma 2.2, there is a weak null sequence {xn} ⊆ S(X) satisfying the condition:
1− η < ∥xn − xm∥ < 1+ η for n ≠ m.
Consider the sequence
yn ≡ x1 − xn+11+ η .
Then {yn} ⊆ B(X) and ∥ym − yn∥ = ∥xn+1−xm+1∥1+η > 1−η1+η for m ≠ n. So sep( yn) ≥ 1−η1+η . It is easy to see that yn
w→ x11+η . This
implies that UKK( 1−η1+η ) ≤ η1+η , a contradiction. 
Corollary 2.15 ([3]). If X is an NUC space, then X has normal structure.
Corollary 2.16 ([3]). If X is a UKK space, then X has weak normal structure.
In 2007, Saejung proved the following result:
Lemma 2.17 ([18]). If X is a Banach space with B(X∗) weak∗ sequentially compact and it fails to have weak normal structure,
then for any ε > 0 there are {x1, x2, . . . , xn} ⊆ S(X) and {f1, f2, . . . , fn} ⊆ S(X∗) such that
(a) |∥xi − xj∥ − 1| < ε, for all i ≠ j;
(b) ⟨xi, fi⟩ = 1, for all 1 ≤ i ≤ n; and
(c) |⟨xj, fi⟩| < ε, for all i ≠ j.
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This result can be extended as follows:
Lemma 2.18. If X is a Banach space with B(X∗)weak∗ sequentially compact and it fails to have weak normal structure, then for
any ε > 0 there are two sequences {xn} ⊆ S(X) and {fn} ⊆ S(X∗) such that
(a) |∥xi − xj∥ − 1| < ε, for all i ≠ j;
(b) ⟨xi, fi⟩ = 1, for all i ∈ N;
(c) |⟨xj, fi⟩| < ε, for all i ≠ j; and
(d) ∥fi − fj∥ > 1− ε, for all i ≠ j.
Proof. Let ε > 0, from Lemma 2.2 and the assumptions, for η = ε2 we can find sequences {xn} ⊆ S(X), {fn} ⊆ S(X∗) and
f ∈ B(X∗), such that
(a) |∥xi − xj∥ − 1| < η, where i ≠ j;
(b) ⟨xi, fi⟩ = ∥xi∥ = 1, where 1 ≤ i <∞;
(c) xn
w→ 0 and
(d) fn
w∗→ f .
Since xn
w→ 0, we can find a subsequence 1 < k1 < k2 < · · · < kn < · · · such that |⟨xm, f1⟩| < η for m > k1,
|⟨xm, fk1⟩| < η form > k2, and so on.
So, the subsequence 1 < k1 < k2 < · · · < kn < · · · satisfies |⟨xkj , fki⟩| < η for i < j.
Without loss of generality, we still use N to denote the subsequence 1 < k1 < k2 < · · · < kn < · · ·. So we have
|⟨xj, fi⟩| < η for i < j.
Since fn
w∗→ f , we can find a subsequence 1 < k1 < k2 < · · · < kn < · · · such that |⟨x1, fm − f ⟩| < η for m > k1,
|⟨xk1 , fm − f ⟩| < η form > k2, and so on.
So, the subsequence 1 < k1 < k2 < · · · < kn < · · · satisfies |⟨xki , fkj − f ⟩| < η for i < j.
Without loss of generality, we still use N to denote the subsequence 1 < k1 < k2 < · · · < kn < · · ·. So we have
|⟨xi, fj − f ⟩| < η for i < j.
It follows that |⟨xi, fj⟩| ≤ |⟨xi, fj − f ⟩| + |⟨xi, f ⟩| < 2η = ε if i and j large enough and i < j.
By deleting some terms in the front if necessary, we have |⟨xj, fi⟩| < ε for i ≠ j.
Finally, ∥fi − fj∥ ≥ |⟨xj, fi − fj⟩| = |1− ⟨xj, fi⟩| ≥ 1− |⟨xj, fi⟩| > 1− ε for i ≠ j. 
Theorem 2.19. Let X be a Banach space such that B(X∗) is weak∗ sequentially compact. If UKK∗(( 1
µ(X∗) )
−) > 1− 1
µ(X∗) for X
∗,
then X has weak normal structure.
Proof. Suppose that X fails to have weak normal structure. From Lemma 2.18, for any η > 0, let the sequence
{x1, x2, x3, . . . , xn, . . .} ⊆ S(X) with xn w→ 0 and the sequence {f1, f2, . . . , fn, . . .} ⊆ S(X∗) with fn w
∗→ f satisfy four
conditions there.
It is easy to see that from the definition of µ(X∗), we can find a subsequence 1 < k1 < k2 < · · · < kn < · · · such that
1− η < ∥fki − fkj∥ < µ(X∗)+ η for i ≠ j.
Without loss of generality, we still use N to denote the subsequence 1 < k1 < k2 < · · · < kn < · · ·. So we have
1− η < ∥fi − fj∥ < µ(X∗)+ η and |⟨xj, fi⟩| < η for all i ≠ j.
Consider the sequence {g1 = f1 − f2, g2 = f1 − f3, . . . , gn = f1 − fn+1, . . .} ⊆ Bµ(X∗)+η(0) for X∗. Then fn − f w
∗→ 0.
Moreover, for each i, |⟨xi, f ⟩| = limn→∞ |⟨xi, fn⟩| < η. So, ∥fn − f ∥ ≥ |⟨xn, fn − f ⟩| > 1 − η for each n. Note that
1− η ≤ ∥gi − gj∥ = ∥fj+1 − fi+1∥ ≤ µ(X∗)+ η for i ≠ j, and gn w
∗→ f1 − f .
Let zi = giµ(X∗) for all i ∈ N . Then
1
µ(X∗)
− η
µ(X∗)
≤ ∥zi − zj∥ = ∥gi − gj∥
µ(X∗)
≤ 1+ η
µ(X∗)
and zn
w∗→ f1 − f
µ(X∗)
.
From the definition of modulus of UKK∗ for X∗, we have UKK∗( 1
µ(X∗) − ηµ(X∗) ) < 1− 1−ηµ(X∗) . Since η can be arbitrarily small,
UKK∗

1
µ(X∗)
−
< 1− 1
µ(X∗)
.
This completes the proof. 
Let µ(X∗) = 1 in Theorem 2.19. Then we obtain the following result.
Theorem 2.20. Let X be a Banach space such that B(X∗) is weak∗ sequentially compact. If UKK∗(1−) > 0 for X∗ andµ(X∗) = 1,
then X has weak normal structure.
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We now consider the ultraproduct spaces. For an ultrafilterU on N, the set of natural numbers, we use XU to denote the
ultraproduct. For more details, see [19].
If X is super-reflexive, then X∗ = (X)∗ and X has uniform normal structure if and only ifX has normal structure [19].
Since X can be embedded intoX , it is easy to see that NUC(ε) of X is greater than or equal to NUC(ε) ofX . By using these
facts, we can prove the following result about uniform normal structure.
Theorem 2.21. Let X be a super-reflexive Banach space with NUC(1−) > 0 for X. Then X has uniform normal structure.
Proof. IfX is a super-reflexive Banach space but fails to have uniformnormal structure, thenX fails to have normal structure.
From Theorem 2.14, we have NUC(1−) > 0 forX . 
Acknowledgements
The authors are very grateful to the referees for several helpful suggestions and improvements. The first author was
supported by the Centre of Excellence in Mathematics and the Commission on Higher Education, Thailand.
References
[1] M.S. Brodskiı˘, D.P. Mil’man, On the center of a convex set, Dokl. Akad. Nauk SSSR (NS) 59 (1948) 837–840 (in Russian).
[2] W.A. Kirk, A fixed point theorem for mappings which do not increase distances, Amer. Math. Monthly 72 (1965) 1004–1006.
[3] R. Huff, Banach spaces which are nearly uniformly convex, Rocky Mountain J. Math. 10 (4) (1980) 743–749.
[4] D. van Dulst, B. Sims, Fixed points of nonexpansive mappings and Chebyshev centers in Banach spaces with norms of type (KK), in: Banach Space
Theory and its Applications, Bucharest, 1981, in: Lecture Notes in Math., vol. 991, Springer, Berlin, New York, 1983, pp. 35–43.
[5] P.N. Dowling, B. Randrianantoanina, B. Turett, The fixed point property via dual space properties, J. Funct. Anal. 255 (3) (2008) 768–775.
[6] J.M. Ayerbe Toledano, T. Domínguez Benavides, G. López Acedo, Measures of Noncompactness in Metric Fixed Point Theory, in: Operator Theory:
Advances and Applications, vol. 99, Birkhäuser Verlag, Basel, 1997.
[7] J. Banaś, On modulus of noncompact convexity and its properties, Canad. Math. Bull. 30 (2) (1987) 186–192.
[8] J. Banaś, L. Olszowy, K. Sadarangani, Moduli of near convexity of the Baernstein space, Proc. Amer. Math. Soc. 123 (12) (1995) 3693–3699.
[9] T. Domínguez Benavides, G. López Acedo, Lower bounds for normal structure coefficients, Proc. Roy. Soc. Edinburgh Sect. A 121 (3–4) (1992) 245–252.
[10] K. Goebel, T. Sekowski, The modulus of noncompact convexity, Ann. Univ. Mariae Curie–Skłodowska Sect. A 38 (1984) 41–48. 1986.
[11] H. Knaust, E. Odell, Th. Schlumprecht, On asymptotic structure, the Szlenk index and UKK properties in Banach spaces, Positivity 3 (2) (1999) 173–199.
[12] B. Sims, M.A. Smyth, On some Banach space properties sufficient for weak normal structure and their permanence properties, Trans. Amer. Math. Soc.
351 (2) (1999) 497–513.
[13] J.R. Partington, On nearly uniformly convex Banach spaces, Math. Proc. Cambridge Philos. Soc. 93 (1) (1983) 127–129.
[14] D. van Dulst, Some more Banach spaces with normal structure, J. Math. Anal. Appl. 104 (1) (1984) 285–292.
[15] C.A. Kottman, Packing and reflexivity in Banach spaces, Trans. Amer. Math. Soc. 150 (1970) 565–576.
[16] R.C. James, Weakly compact sets, Trans. Amer. Math. Soc. 113 (1964) 129–140.
[17] S. Saejung, J. Gao, On semi-uniform Kadec–Klee Banach spaces, Abstr. Appl. Anal. 2010, 12 pages, Article ID 652521, doi:10.1155/2010/652521.
[18] S. Saejung, Convexity conditions and normal structure of Banach spaces, J. Math. Anal. Appl. 344 (2) (2008) 851–856.
[19] B. Sims, Ultra-Techniques in Banach Space Theory, in: Queen’s Papers in Pure and Applied Mathematics, vol. 60, Queen’s University, Kingston, ON,
1982.
